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Abstract
Footbridges are often designed as slender structures, sensitive to human-induced excitation. In the
case where the prevailing vibration serviceability requirements are not met, vibration reduction
measures such as tuned mass dampers (TMDs) are needed. Both the prediction of the structural
response and the design of the TMD rely on the modal parameters of the footbridge. Measurements
after construction of footbridges have shown that it is difficult to accurately predict these modal
parameters even with detailed finite element models based on structural drawings. Moreover,
these parameters evolve in time due to changing environmental conditions and degradation. It is
important to take into account these uncertainties in the vibration serviceability assessment as well
as in the design of vibration reduction measures.
The present paper proposes a robust optimisation approach for the design of a TMD which
accounts for uncertainties in the modal parameters. The aim is to minimise the mass of the
TMD, assumed as a measure for the cost, by tuning the mass, stiffness and damping values, while
guaranteeing that vibration serviceability is satisfied for a range of possible values of the natural
frequency and modal damping. In order to investigate the trade-off between the mass of the TMD
(cost) and the level of uncertainty, a multi-interval approach is adopted. The optimal parameters
are found to change significantly with the level of uncertainty. The TMD mass and damping
increase for a higher level of uncertainty to satisfy the vibration serviceability requirements in all
possible cases.
Keywords: vibration serviceability assessment, tuned mass damper, human-induced vibrations,
robust design, worst-case, multi-interval analysis
1. INTRODUCTION
The coming of advanced design methods and high strength materials enables the design of
slender footbridges characterised by low natural frequencies, possibly in the range of loading fre-
quencies induced by human walking. Several vibration serviceability problems were reported [1, 2]
demonstrating the necessity of an assessment of vibration serviceability in the design stage.
If the predicted vibration levels exceed the threshold for vibration comfort, a tuned mass damper
(TMD) can be included as a passive vibration control device [3]. The TMD serves as an energy
absorber and is characterised by its mass, stiffness and damping constant. The TMD parameters
are tuned to the modal parameters of the main structure to optimise its performance.
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The vibration serviceability assessment and the performance of the TMD are highly sensitive to
deviations in the natural frequency of the main structure which may lead to an ineffective response
reduction. A discrepancy between the values of the modal parameters assumed for the design of
the TMD and the actual values adversely affects the performance. This effect of detuning was
studied by Rana and Soong [4], Werkle [5] , Jensen [6] and Petersen [7] while Rizzi [8] investigated
the effect of a mismatch between the assumed and actual modal damping. In a recent study by
Van Nimmen et al. [9], it was shown that even with detailed finite element models (FEM) based
on structural drawings, errors in natural frequency may go up to 10%.
The conventional approach for the design of a TMD as presented by Den Hartog [10] and Asami
[11, 12] does not account for uncertainties in the loading, or in the modal parameters of the main
system. Several studies considered the optimisation of the performance of a TMD under uncertain
conditions. In [13] a conventional TMD design is compared with single and multi-objective robust
design optimisations. The analysis showed that the TMD parameters of the conventional and
the robust design differ considerably from each other. Zang et al. [14] propose to determine the
TMD mass, stiffness and damping by solving a multi-objective optimisation problem to minimise
a weighted sum of the mean value and the standard deviation of the peak response. An alternative
interpretation in [15] proposes a fuzzy approach and formulates the objective function based on
the credibility theory. In these robust optimisation problems, it is generally assumed that only the
loads are the uncertain quantities [16]. However, in many problems of structural dynamics, the
uncertainty of the system parameters has a larger influence on the response than the uncertainty
of the load [17].
The present paper proposes a robust TMD optimisation approach which accounts for uncer-
tainties on the modal parameters of the main structure to guarantee performance in a range of
the natural frequency and modal damping. Furthermore, in the proposed TMD parameter tuning
a load model to account for the effect of the human-induced walking load is assumed. A multi-
interval approach is proposed to investigate how the uncertainty for the natural frequency and
modal damping affects the TMD parameters and performance. At different levels of uncertainties,
the TMD mass, which is assumed to be a measure for the TMD cost, is minimised by tuning the
TMD mass, stiffness and damping constant. Robustness is obtained by considering the vibration
serviceability performance for multiple pedestrian densities and a range of possible values of the
modal parameters for different levels of uncertainty. This ensures that the vibration serviceability
criterion is always met instead of minimising the sensitivity of the performance to a combination
of the expected value and standard deviation of the response as is commonly done. The multi-level
robust optimisation approach is illustrated for the Phe´nix footbridge in Charleroi, Belgium. The
TMD parameters are tuned with constraints limiting the vibration level as well as the relative
displacement between the TMD and the bridge, to ensure correct operation of the device. By
comparing the design parameters for different ranges of uncertainty of the natural frequency and
modal damping of the main structure, the trade-off between cost and robustness is investigated.
The structure of the paper is as follows. The Phe´nix footbridge is presented in section 2. A
vibration serviceability assessment is made according to the HiVoSS guideline [18] in section 3.
In section 4, design uncertainties are studied by means of a fuzzy analysis considering a variation
of the natural frequency and modal damping within a range reasonably expected in design stage.
Subsequently in section 5, the parameters of the TMD are determined according to Asami [11]. The
TMD is tuned for both a nominal and a worst-case scenario. Finally, section 6 proposes a multi-
interval robust design optimisation of the TMD to determine the TMD parameters for different
levels of uncertainty. The optimal TMD parameters are evaluated for different levels of uncertainty
to investigate their efficiency.
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2. THE PHE´NIX FOOTBRIDGE
The Phe´nix footbridge is a slender construction with a single span of 38.25 m and a width of
13.35 m and is situated near the railway station of Charleroi (Belgium). The cross section of the
bridge consists of three parts. The midspan is a main box of 6.5 m by 1 m with, on both sides,
cantilevered tapering I-profiles that are mounted on fixed distances. Figures 1(a) and 1(b) show a
global view of the footbridge and the cross section of the structure, respectively.
The bridge is supported by four neoprene bearings. Vertical translations are fixed at all corners
while horizontal translations are fixed at one. An additional support is added in the middle of
one side of the bridge to avoid lateral movements. An overview of the support conditions is given
schematically in figure 1(c).
(a) (b) (c)
Figure 1: The Phe´nix footbridge in Charleroi: (a) Global view, (b) Cross section, (c) Support conditions.
The dynamic behaviour of the construction is defined by its modal parameters. The mode
shapes as calculated by a FEM are given in figure 2. The first mode has a natural frequency of 1.65
Hz which is lower than 5 Hz and therefore in the range of the loading frequencies of the walking
load. The second mode is the second bending mode and the third mode is the first torsional mode.
(a) (b) (c)
Figure 2: Modal parameters of the Phe´nix footbridge based on the FEM: (a) 1st bending mode (f1 = 1.65 Hz), (b)
2nd bending mode (f2 = 5.22 Hz) and (c) 1st torsional mode (f3 = 6.15 Hz)
3. VIBRATION SERVICEABILITY ASSESSMENT
In the present section, the vibration serviceability assessment is performed according to the
HiVoSS design guideline [18]. An essential element in the vibration serviceability assessment of
footbridges is the prediction of the human-induced vibrations, requiring a description of the dynamic
behaviour of the structure and the crowd-induced loads. The latter can be described by detailed
step-by-step simulations whereby a statistical analysis is required to evaluate the induced structural
response [19] or, as in the present study, by an equivalent deterministic load derived to represent
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the effect of a crowd. The methodology developed next, however, is general and can be applied
using other design guidelines.
3.1. Response calculation and evaluation
The considered walking load for a single pedestrian is approximated by a periodic load composed
of multiple harmonics of the fundamental step frequency fs and is written as a Fourier series:
F (t) = G+
nh∑
h=1
Gαh sin (2pihfst− θh) (1)
with F (t) the walking force in the time domain, G the weight of the pedestrian, h the number of
the harmonic load component, αh the dynamic load factor for the h
th harmonic and θh the phase
shift for harmonic h. Only the first two harmonic components (nh = 2) are accounted for in the
assessment according to HiVoSS. In the present work, the coefficients for vertical vibrations α1 and
α2 are taken equal to 0.4 and 0.1, respectively.
The forces due to a group of pedestrians are represented in a simplified way by an equivalent
uniformly distributed load on the bridge deck. Different traffic classes (TCs) are introduced repre-
senting different pedestrian densities. In table 1, an overview is given of the classes according to
the HiVoSS guideline.
Traffic Class (TC) TC 1 TC 2 TC 3 TC 4 TC 5
d [#pers./m2] 15 pers. 0.2 0.5 1.0 1.5
Table 1: HiVoSS traffic classes and corresponding pedestrian densities.
The proposed load model consists of an equivalent number of perfectly synchronised pedestrians
Neq. A distinction is made between sparse and dense pedestrian densities. For low pedestrian
densities, the pedestrians are assumed to move independently from each other and the equivalent
number depends on the modal damping ξj . For higher pedestrian densities, the walking behaviour
of the pedestrians is obstructed and the level of synchronisation increases. The higher level of
synchronisation results in an increased number of equivalent pedestrians. Neq is found as follows:
Neq = 10.8
√
ξjN for d < 1 pers./m
2 (2)
Neq = 1.85
√
N for d ≥ 1 pers./m2 (3)
The amplitude of the equivalent uniformly distributed load qeq [N/m
2] is calculated as:
qeq =
Neq
S
αhGψ(fj) (4)
with S the surface of the bridge deck and ψ a reduction factor that accounts for the possibility of
resonance as a function of the natural frequency fj of the bridge (figure 3(a)). Note that, due to
the values of α1 and α2 assumed in this work, the reduction factor equals one at its maximum point
for both first and second harmonic, whereas in the HiVoSS guideline, different maxima are found
for both harmonics. If there is a considerable risk for resonance with the first or second harmonic
of the load, a verification of the response is required. Due to the additional mass of pedestrians,
the natural frequencies of the structure changes for different pedestrian densities. The reduction
factor ψ therefore depends on the traffic class. It should be noted that the reduction factor is very
sensitive to small shifts in the natural frequency.
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The projection of the external force on mode j can now be written as follows:
Fj = qeq
neff∑
k=1
aeff,k |φj,k| (5)
with φj the vector containing the mass-normalised modal displacements of the j-th mode for
all nodes neff of the effective bridge deck area Aeff , aeff the vector containing the bridge deck area
allocated to the corresponding nodes (with Aeff =
∑neff
k=1 aeff,k).
The maximum acceleration u¨j,max assuming resonance with mode j and disregarding the con-
tribution from other modes is calculated as follows:
u¨j,max =
Fj
2ξj
max |φj | (6)
with ξj the modal damping. Equation (6) shows that the final response is very sensitive to the
modal damping ξj . A good estimation thus is essential for the response calculation. Suggested
values for the modal damping are given by the guideline and can be used in design stage. After
construction, measurements can be performed for verification.
The predicted value u¨j,max is subsequently compared to thresholds corresponding to a comfort
scale (maximal, mean, minimal comfort or unacceptable). Note that the vibration serviceabil-
ity assessment must be performed considering all modes with fj ≤ 5 Hz for different pedestrian
densities.
3.2. Vibration serviceability assessment for the Phe´nix footbridge
Because of the low natural frequency of the first mode of the Phe´nix footbridge (f1 = 1.65 ≤
5 Hz), resonance with the first or second harmonic of the walking force must be considered and a
vibration serviceability assessment according to HiVoSS is required. For higher natural frequencies,
no risk for resonance with the walking force is assumed to exist. The proposed modal damping for
the steel bridges in HiVoSS is 0.4%. To account for the added mass effect of the pedestrians, the
modal parameters are recalculated for each traffic class. In table 2, the modal parameters of the
first mode are summarised for the different traffic classes.
TC 1 TC 2 TC 3 TC 4 TC 5
f1 [Hz] 1.65 1.63 1.60 1.55 1.50
ξ1 [%] 0.4 0.4 0.4 0.4 0.4
m1 [kg] 131570 134560 139928 148821 157721
Table 2: Modal parameters of the first mode of the Phe´nix footbridge accounting for the added mass of the pedestrians.
The vibration serviceability assessment for the first mode is given in figure 4. For low pedestrian
densities, a maximal level of vibration comfort is predicted. For higher densities, the predicted
level is unacceptable for vibration comfort. The highest acceleration is predicted for a pedestrian
density of 1 pers./m2 corresponding to the TC 4 (u¨max = 4.22 m/s
2). Although the equivalent force
is higher for TC 5 than for TC 4, the resulting response is slightly lower because of the smaller
mass-normalised modal displacement for TC 5.
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(a) (b)
Figure 3: (a) Reduction factor ψ(fj) for vertical vibrations, (b) Zoom at reduction factor for TC 4 (light – –) and
TC 5 (dark –) for the Phe´nix footbridge in a range of 10% about the first natural frequency of the bridge.
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Figure 4: Vibration serviceability assessment of the first bending mode of the Phe´nix footbridge according to HiVoSS.
4. EFFECT OF UNCERTAINTIES ON THE PREDICTED RESPONSE
The vibration serviceability assessment as presented in the previous section is very sensitive to
uncertainties on the natural frequency and modal damping. Various sources of uncertainty exist.
First, the effective stiffness of the footbridge may be uncertain due to a lack of knowledge
on the material properties or the stiffness of the supports. Assumptions for Young’s modulus
in the finite element model may have a considerable influence on the effective stiffness. Time
effects and degradation of the material properties also need to be considered. Young’s modulus
of concrete increases during the first months after construction [20]. From [21], it can be readily
understood that the creep effects are larger for materials subjected to high temperatures for long
time. The dynamic stiffness of bearing supports is given by the producer with corresponding
tolerances. Bujnˇa´k et al. [22] reported that dripping water through open joints had damaged the
bearing details significantly affecting the dynamic behaviour of the construction. The static and
dynamic behaviour of the bearings may also differ as was illustrated in [23].
Intensive vibration monitoring of footbridges has also learnt that daily and seasonal temperature
and environmental changes affect the natural frequencies [24, 25]. Natural frequencies generally
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decrease with increasing temperature [20]. Sohn in [26] states that temperature changes not only
affect the stiffness but also the support conditions of the bridge. Similarly, Alampalli et al. [27] re-
ported that frozen supports of the bridge resulted in an increased natural frequency. For a concrete
slab bridge, Xia et al. [28] found a negative correlation between humidity and natural frequency
but a positive correlation between humidity and modal damping.
In the present section, a fuzzy analysis is performed to investigate how uncertainties in the
modal parameters affect the vibration serviceability assessment. The natural frequency and modal
damping are modelled as convex fuzzy numbers. The uncertain variable is assumed to lay in an
interval depending on the value of the membership function. For the natural frequencies, a maximal
range of 0.9 to 1.1 times the nominal value is considered, in line with deviations recently observed in
a large number of case studies [9]. For the modal damping, a larger interval of 0.5 to 1.5 times the
proposed nominal value of 0.4% is adopted. For both variables, a triangular membership function
is assumed, defined as:
f˜j = Λ˜(fj,nom, 0.9 fj,nom, 1.1 fj,nom) (7)
ξ˜j = Λ˜(ξj,nom, 0.5 ξj,nom, 1.5 ξj,nom) (8)
In figures 5(a) and 5(b), the membership function of the fuzzy variables is visualised. At different
α-levels, the corresponding limits of the interval can be found. In all analyses to come, the same
fuzzy sets will be considered for the natural frequency and modal damping.
(a) (b)
Figure 5: Membership function with discretisation in α-cut sets for (a) relative natural frequency fj and (b) relative
modal damping ξj .
The influence of these uncertainties on the vibration serviceability assessment of the Phe´nix
footbridge is now investigated. It is assumed that there is no interaction between the uncertainties
on the natural frequency and modal damping. The results of the vibration serviceability assessment
for resonance with the first mode are given in figure 6 for different α-levels. The assessment at
α = 1.0 (darkest) corresponds with the assessment for the nominal values of the natural frequency
and modal damping (figure 4). For low pedestrian densities, the predicted acceleration levels meet
the minimal level for vibration comfort. For higher pedestrian densities, the acceleration levels are
unacceptable for vibration comfort. For lower α-levels, the maximum response level is higher due
to the larger range of the natural frequency and modal damping. Since it cannot be guaranteed
that the vibration serviceability criterion is satisfied for the assumed range of uncertainties on the
natural frequency and modal damping, vibration reduction measures are needed.
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Figure 6: Vibration serviceability assessment for the Phe´nix footbridge considering resonance with the first bending
mode: calculation of response for increasing levels of uncertainty for natural frequency and modal damping (dark to
light).
5. CONVENTIONAL TMD DESIGN
5.1. General formulation
A TMD is frequently used to reduce the structural response in resonant conditions by increasing
the damping. The TMD is defined by its mass mtmd, stiffness ktmd and damping ctmd character-
istics. Since resonance is assumed, the footbridge equipped with TMD can be simplified as two
coupled single degree of freedom (SDOF) systems. This implies that contributions from other
modes are disregarded. The equivalent parameters for mode j of the footbridge without TMD are
written as follows:
mj =
1
(max |φj |)2 kj = (2pifj)
2mj cj = 2ξjmj(2pifj) (9)
with mj the equivalent mass, max |φj | the modal displacement corresponding to the TMD location,
kj the equivalent stiffness and cj the equivalent damping for mode j. The dimensionless mass ratio
µ, the frequency ratio ρtmd and damping ratio ξtmd of the TMD are defined as follows:
µ =
mtmd
mj
ρtmd =
ftmd
fj
ξtmd =
ctmd
2mtmdωtmd
(10)
The design of the TMD encompasses a trade-off between performance and cost. The design can
be described as an optimisation problem where a cost function is to be minimised satisfying a
set of constraints. In the present work, the cost function is the total cost of the TMD, which is
assumed to depend linearly on the TMD mass mtmd. The constraint is a limit value u¨comfort for the
maximal acceleration while the design variables are the TMD mass, stiffness and damping constant.
The response is calculated for a 2DOF-system with the external force according to equation (5).
A linear behaviour of the structure and TMD here is assumed [19]. An additional constraint is
added to limit the relative displacement of the TMD ∆rel between the TMD and the bridge deck
(∆rel = |utmd− udeck|) to a tolerable value ∆tol for constructability. The problem is formulated as
follows:
minimise
mtmd,ktmd,ctmd
mtmd
subject to u¨max ≤ u¨comfort
∆rel ≤ ∆tol
(11)
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The widely used formulae provided by the classical work by Den Hartog [10] provide the optimal
values of the stiffness and damping which minimise the displacement response for a given TMD
mass and an undamped main structure. The expressions by Asami [11] generalise those given in
the classical work by Den Hartog for a lowly damped structure. Alternative expressions in case of
a damped main structure are presented by Ghosh and Basu in [29]. The optimisation problem (11)
is now solved based on the analytical expressions by Asami [12, 30] which give the values of the
TMD parameters ktmd and ctmd for a given TMD mass mtmd by minimising the acceleration:
ρ∗tmd =
√
1
1 + µ
(12)
ξ∗tmd =
√
3µ
8(1 + µ)
√
1 +
27
32
µ (13)
In this way, both constraints of the optimisation problem (11) can be verified for a range of masses
mtmd, to identify the minimal value at which the constraints are satisfied.
5.2. Conventional TMD design for the Phe´nix footbridge
The vibration serviceability assessment presented in figure 4 shows that there is a high risk for
resonance of the walking load with the first mode of the Phe´nix footbridge. The predicted accelera-
tion levels for the considered mode clearly exceed the minimum level for vibration comfort. Figure
6 shows that the vibration levels are much higher for a reasonable range of uncertainties on the
natural frequency and modal damping. In order to meet the vibration serviceability requirements,
a TMD is now added at the midpoint of the bridge where the modal displacement of the first mode
is largest.
The limit values u¨comfort and ∆tol for the maximal vibration level and maximal relative dis-
placement are chosen as 1.00 m/s2 and 45 mm, respectively.
Since the optimal frequency ratio ρ∗tmd and damping ratio ξ∗tmd depend on the mass ratio µ
through equations (12) and (13), the two design constraints can be evaluated for a range of values
of the mass ratio µ. Figure 7 presents results for two cases. In the first case, the TMD parameters
are tuned considering the nominal values of the modal parameters. In the second case, the TMD is
tuned to the modal parameters leading to the highest response. A nominal design for the natural
frequency and modal damping resulting in the highest response is considered.
In the vibration serviceability assessment based on the nominal modal parameters (figure 4),
the largest acceleration value is found for TC 4. To reduce this value to the limit value of 1 m/s2,
an effective reduction by a factor of 4.22 is required, corresponding to an effective damping ξeff of
4.22 · ξ1= 4.22 · 0.4% ≈ 1.7% related to maximum amplification factor of an SDOF system [31].
Figure 7(a) shows that a value of µ = 0.15% allows obtaining an effective damping of 1.7% for
a nominal value of 0.4% for the modal damping. Verifying the second design criterion, a µ-value
of 0.74% is found to reduce the maximal relative displacement to 45 mm for the nominal design
parameters (figure 7(b)) and an external force which can be deduced from equation (5) for the
nominal value of the natural frequency for TC4 (f1 = f1,nom, ξ1 = ξ1,nom).
Figure 6 shows that when deviations from the nominal values of the natural frequency and
modal damping are considered, the acceleration level can reach 13.2 m/s2 for TC 5. Although a
slightly lower level is found for the pedestrian density of TC 4, the latter is assumed for the TMD
design to enable comparison with the previous case. The effect of the uncertain natural frequency
for TC 4 is higher than for TC 5 as can be evaluated by the ψ-reduction factor at figure 3(b)
where an uncertainty range of 10% of the nominal value of the natural frequency is considered.
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The TMD will be designed following Asami [12] but now with values of the natural frequency
and modal damping of the main structure leading to the maximal acceleration levels found in
figure 6. This is for f1 = 1.1f1,nom and for ξ1 = 0.5ξ1,nom. In this case, an effective damping of
12.8× (0.5ξ1,nom) ≈ 2.56% is needed or a value µ = 0.46%. The second design constraint requires
a mass ratio of µ = 0.99%.
(a) (b)
Figure 7: (a) Effective damping ξeff and (b) ratio of the relative displacement and static displacement of the structure
as a function of the mass ratio µ for a TMD designed according to Asami [12]. Structure with modal damping
ξ1 = 0.5ξ1,nom = 0.2% (– –) and ξ1 = ξ1,nom = 0.4% (–). Minimally required mass ratio µ for nominal design (–) and
for design with natural frequency and modal damping leading to the highest acceleration (– –).
The optimal TMD parameters for both cases are presented in table 3 in absolute terms as well
as in dimensionless values.
mtmd [kg] ktmd [N/m] ctmd [Ns/m] µ [%] ρtmd [-] ξtmd [%]
nominal 1101 103191 1122 0.74 0.996 5.26
worst-case 1473 166630 1908 0.99 0.995 6.07
Table 3: Optimal TMD parameters [12]: for nominal design and for design with natural frequency and modal damping
leading to the highest accelerations.
5.3. Effect of detuning
The acceleration response for TC 4 is given in figures 8(a) and 8(b) for the structure with TMD
designed for the nominal case and the case resulting in the highest accelerations, respectively. The
design constraint of 1 m/s2 is not active as the constraint for the relative displacement is limiting
in this case. When the acceleration response of the structure with TMD is evaluated for a range of
uncertainties of the natural frequency and modal damping of the main structure as was introduced
in section 4 (for α = 0.0), it becomes clear that the vibration serviceability criterion is not satisfied
for the entire range of modal parameters considered. This is confirmed by the enveloping curve
of the response for the considered uncertainty intervals. The response of the structure with TMD
tuned at the bridge modal parameters resulting in the highest accelerations is given in figure 8(b).
In this case, an acceleration level of 12.8 m/s2 was reached without TMD. Again, it is observed
how the design constraint is only satisfied for a small range of values about the nominal natural
frequency and modal damping. The TMD designed for the highest value of the accelerations is in
this particular case more robust with respect to uncertainties. This is due to the higher mass and
damping of the TMD resulting in a higher response reduction. For the particular case, the highest
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acceleration for a system without TMD is predicted for the largest value of the natural frequency,
i.e. 1.1×f1,nom for TC 4 (see also 3(b)). If the TMD, tuned at the highest natural frequency, is
evaluated for the whole range of frequencies, i.e. from 0.9×f1,nom to 1.1×f1,nom, it is found that
the enveloping response is less sensitive to the varying frequency in this particular case.
The constraint on the relative displacement of the TMD is evaluated in figures 9(a) and 9(b)
for both designs and the range of uncertainties. The maximal value approximately equals 45 mm
for both designs as this is the limiting constraint. The small difference with ∆tol is due to the as-
sumptions and simplifications of the proposed method. The influence of the considered uncertainty
intervals is larger for the TMD tuned at the nominal values of the natural frequency and modal
damping.
The vibration serviceability assessment for the structure with TMD is now performed for all
previously considered pedestrian densities (table 1). The assessment of the structure with the TMD
tuned at nominal values is given in figure 10(a). For the nominal values of the modal parameters,
the acceleration constraint is satisfied for all traffic classes while the influence of uncertainties re-
sults in lower levels of vibration comfort. In figure 10(b), the vibration serviceability assessment is
given for the structure equipped with the TMD tuned at the natural frequency and modal damping
resulting in the highest accelerations. It is here found that the acceleration constraint is not satis-
fied for the nominal values of the modal parameters because the TMD is detuned for that values.
The sensitiveness to uncertainties in the natural frequency and modal damping of the footbridge is
smaller in comparison with the design for the nominal modal parameters.
These results clearly show how the analytical expressions by Asami allow the designer to opti-
mally tune a damper device for a given structure with known modal parameters. However, it does
not provide any robustness with respect to uncertainties on the modal parameters of the structure,
which are unavoidable in design stage.
(a) (b)
Figure 8: Maximal acceleration as a function of the step frequency for the structure without TMD (dark –) and with
TMD tuned for (a) f1,nom and ξ1,nom and (b) 1.1× f1,nom and 0.5× ξ1,nom resulting in the highest acceleration (light
–). Envelope of maximal response for all possible value of natural frequency and modal damping within the range
corresponding to α = 0.0 (light – –) with loading according to TC 4. Horizontal line: u¨comfort value.
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(a) (b)
Figure 9: Maximal relative displacement as a function of the step frequency for the structure with TMD tuned for
(a) f1,nom and ξ1,nom and (b) 1.1 × f1,nom and 0.5 × ξ1,nom resulting in the highest acceleration (–). Envelope of
maximal response for all possible value of natural frequency and modal damping within the range corresponding to
α = 0.0 (– –) with loading according to TC 4. Horizontal line: ∆tol value.
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(b)
Figure 10: Vibration serviceability assessment for a structure with TMD tuned at (a) nominal parameters of nat-
ural frequency and modal damping, (b) natural frequency and modal damping resulting in highest accelerations.
Calculation of response for increasing levels of uncertainty for natural frequency and modal damping (dark to light).
6. TMD DESIGN BY ROBUST OPTIMISATION
6.1. Problem formulation
This paper proposes a worst-case approach for robust optimisation of the TMD design. The
trade-off between performance and cost is included in the optimisation problem where a cost func-
tion is to be minimised satisfying a set of constraints. In the present work, the cost function
is the total cost of the TMD, which is assumed to depend linearly on the TMD mass mtmd. A
multi-interval analysis is adopted to evaluate the trade-off between costs and robustness. For each
interval, a deterministic optimisation problem is solved by minimising the TMD mass.
The limit value of 1 m/s2 is also here chosen as the maximal allowed vertical acceleration
u¨comfort and is implemented as a first constraint. For each traffic class, the same limit value is
considered here. Alternatively, the acceleration constraint could depend on the pedestrian density.
The maximal allowed relative displacement ∆tol is set to a tolerable value of 45 mm and implemented
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as a second constraint. An upper and lower limit for the stiffness ktmd and damping ctmd of the
TMD is included to ensure buildability. To take into account the influence of the uncertain natural
frequency and modal damping, the response must satisfy the constraints for each pedestrian density
and for all possible values of the natural frequency and modal damping in the considered interval.
This leads to the following formulation of the optimisation problem at each α-level in the analysis:
minimise
mtmd,ktmd,ctmd
mtmd
subject to max
ξα1 ,f
α
1 ,TCi
(u¨max) ≤ u¨comfort
max
ξα1 ,f
α
1 ,TCi
(∆rel) ≤ ∆tol
kmin ≤ ktmd ≤ kmax
cmin ≤ ctmd ≤ cmax
(14)
with the limit values of the constraints summarised in table 4. The optimisation problem was solved
using a sequential quadratic programming (SQP) algorithm as implemented in the Matlab function
fmincon. The solution was verified by restarting the algorithm from different initial points. The
range for fα1 and ξ
α
1 depends on the α-level as shown in figures 5(a) and 5(b).
u¨comfort 1.00 m/s
2
∆tol 45 mm
ktmd [0 - 10
6] N/m
ctmd [0 - 10
5] Ns/m
Table 4: Constraints TMD optimisation problem for the Phe´nix footbridge
6.2. Results
The solution of the optimisation problem for the TMD design is given in table 5 for different
levels of uncertainty. A linear behaviour of the TMD and main structure is assumed for this
particular case [19]. Table 5 summarises the parameters of the TMD, both in absolute terms and
in dimensionless values, the range of the maximum peak accelerations and the range of the relative
displacements for the traffic class TCi that provides the active constraint which is determining for
the solution. The TMD parameters were tuned, however, to satisfy the constraints for all traffic
classes. The values for µ, ρtmd and ξtmd are defined based on the nominal values of f1 and ξ1 as
initial design point.
At the level α = 1.0, the nominal TMD design is found. In comparison with the nominal
conventional design (table 3), a lower TMD mass is found (-10%). The effect of the reduced TMD
mass is compensated by a significantly higher TMD damping (+109%) for α = 1.0. Both the
acceleration and relative displacement constraint are active.
For a decreasing value of α, the level of uncertainty increases and the minimally required TMD
mass increases illustrating the trade-off between cost and robustness. The highest acceleration
for a structure with TMD with minimised mass for TC 5 does not longer occur for the highest
relative frequency as could be expected from figure 3(b). A strong increase of mtmd is found from
α = 0.4 → 0.2 and from α = 0.2 → 0.0 where the limit on the acceleration response for TC 4
becomes active for a structure with the highest natural frequency in the considered interval. The
TMD damping ctmd increases in absolute terms with the level of uncertainty but the corresponding
dimensionless value ξtmd slightly decreases. If needed, additional constraints can be implemented to
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limit the TMD mass and damping for activation of the TMD. The range of the peak accelerations
and peak relative displacement also increases for a lower α because of the wider range for ξα1 and
ψ (due to fα1 ). The larger the TMD mass, the smaller the relative displacement is.
At the level α = 0.0 corresponding to the largest range of uncertainties, both the TMD mass
(+34%) and damping (+129%) are much higher in comparison with the conventional design (table
3). For the levels α = 0.2 and α = 0.0, the constraint on the displacement is not active because
the mass needed to satisfy the constraint on the acceleration is already sufficiently high to satisfy
both constraints. The maximal peak relative displacement is lower than ∆tol for the highest levels
of uncertainty.
α fα1 ξ
α
1 mtmd ktmd ctmd TC µ ρtmd ξtmd u¨max ∆rel
[× f1,nom] [× ξ1,nom] [kg] [N/m] [Ns/m] [%] [-] [%] [m/s2] [mm]
1.0 [1.00-1.00] [1.0-1.0] 989 87821 2340 5 0.63 1.00 12.55 1.00-1.00 45-45
0.8 [0.98-1.02] [0.9-1.1] 1133 1004005 2628 5 0.72 1.02 12.11 0.86-1.00 38-45
0.6 [0.96-1.04] [0.8-1.2] 1265 120503 2880 5 0.80 1.04 11.66 0.84-1.00 33-45
0.4 [0.94-1.06] [0.7-1.3] 1396 136515 2964 5 0.88 1.05 10.74 0.81-1.00 28-45
0.2 [0.92-1.08] [0.6-1.4] 1656 164717 3334 4 1.11 1.03 10.10 0.59-1.00 23-40
0.0 [0.90-1.10] [0.5-1.5] 1976 201694 4366 4 1.33 1.04 10.94 0.57-1.00 17-36
Table 5: Results multi-interval TMD optimisation: TMD optimal parameters and constraint evaluation at different
α-levels.
6.3. Discussion
The constraints are now evaluated at each α-level to verify the performance of the robust TMD
design. Next to evaluation of the response according to HiVoSS, an alternative evaluation of the
TMD efficiency under pedestrian traffic for the Phe´nix footbridge is discussed in [19].
Acceleration response
The first design constraint concerns the maximal response level. At all α-levels, the acceleration
constraint is active for both TC 4 and TC 5. The acceleration response of a structure equipped
with TMD is plotted for the nominal values of the natural frequency and modal damping in figures
11(a) (TC 4) and 11(b) (TC 5) and for the values of the natural frequency and modal damping
resulting in the highest accelerations (worst-case scenario) in figures 11(c) (TC 4) and 11(d) (TC 5).
The enveloping curve of the response is plotted considering increasing levels of uncertainty. The
nominal response clearly satisfies the constraint for the accelerations at all levels of uncertainty
(figures 11(a) and 11(b)). In the worst-case scenario, the response reaches the predefined comfort
level (figures 11(c) and 11(d)).
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TC 4 TC 5
(a) (b)
(c) (d)
Figure 11: Maximal acceleration as a function of the step frequency for the structure without TMD (–), with optimised
TMD (– –) for increasing levels of uncertainty (α = 1.0 − 0.8 − 0.6 − 0.4 − 0.2 − 0.0, dark to light): Acceleration
response at nominal values of natural frequency and modal damping with loading according to: (a) TC 4, (b) TC
5. Envelope of maximal response for all possible values of natural frequency and modal damping within the range
corresponding to each α-level and loading according to: (c) TC 4, (d) TC 5. The horizontal line represents the
maximal allowed acceleration limit of 1 m/s2.
Relative displacements
The second design constraint is inactive for TC 4 and active in the range α = 0.4 → 1.0 for
TC 5. In figure 12(a), the relative displacement of the TMD is given for the nominal values of the
natural frequency and modal damping for the structure with TMD tuned for each α-level. The
enveloping curves of response of the relative displacements considering the range of parameters at
each level of uncertainty are given in figure 12(c). The limit value is never reached for TC 4. The
constraint is active for TC 5 as can be seen on figures 12(b) and 12(d). In the worst-case scenario,
∆tol (horizontal line) is reached in the range α = 0.4→ 1.0.
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TC 4 TC 5
(a) (b)
(c) (d)
Figure 12: Maximal relative displacement as a function of the step frequency for the structure with TMD tuned at
each α-level (α = 1.0 − 0.8 − 0.6 − 0.4 − 0.2 − 0.0, from dark to light): Relative displacement response at nominal
values of natural frequency and modal damping with loading according to: (a) TC 4, (b) TC 5. Envelope of maximal
response for all possible values of natural frequency and modal damping within the range corresponding to each
α-level and loading according to: (c) TC 4, (d) TC 5. The horizontal line represents the maximal allowed relative
displacement limit ∆tol of 45 mm.
Vibration serviceability assessment
The vibration serviceability assessment for a structure with TMD can be performed at each
α-level. The assessment at level α = 0.0 is given in figure 13(a) considering the largest range of
uncertainties. The assessment for the nominal values of the natural frequency and modal damping
is given by the darkest bar, while the influence of uncertainties is visualised by the lighter bars.
The minimum level of vibration comfort now is guaranteed for each traffic class. A comparison
between figures 10(b) and 13(a) clearly highlights the robust character of the optimised design.
In figure 13(b), the assessment is given for the structure with TMD tuned for level α = 0.6.
The acceleration constraint is satisfied for the levels in the range α = 0.6 − 1.0 while for higher
levels of uncertainty, the minimum level of vibration comfort is not guaranteed.
16
Pedestrian density [pers./m²]
TC 1 TC2 TC3 TC4 TC5
M
ax
. a
cc
el
er
at
io
n 
[m
/s²
]
0
1
2
3
4
max.
mean
min.
unacc.
α = 1.0
α = 0.8
α = 0.6
α = 0.4
α = 0.2
α = 0.0
(a)
Pedestrian density [pers./m²]
TC 1 TC2 TC3 TC4 TC5
M
ax
. a
cc
el
er
at
io
n 
[m
/s²
]
0
1
2
3
4
max.
mean
min.
unacc.
α = 1.0
α = 0.8
α = 0.6
α = 0.4
α = 0.2
α = 0.0
(b)
Figure 13: Vibration serviceability assessment for a structure with TMD tuned at natural frequency and modal
damping resulting in highest response (a) for α = 0.0 considering the largest range of uncertainty, (b) for α = 0.6
considering a smaller range of uncertainty. Calculation of response for increasing levels of uncertainty for natural
frequency and modal damping (dark to light).
7. CONCLUSIONS
The response of footbridges to human-induced excitation is highly sensitive to uncertainties on
the modal parameters of the structure. The same holds for the performance of vibration reduction
measures such as TMDs which are tuned at the modal parameters of the structure to maximise
their performance.
A robust TMD design optimisation approach considering uncertainties on the modal parameters
of the structure was therefore proposed. The natural frequency and modal damping were modelled
as fuzzy numbers. Different levels of uncertainty were considered to investigate the trade-off between
cost and robustness. By minimising a cost function, the TMD mass, stiffness and damping were
tuned for the worst-case scenario at the different levels of uncertainties. It was found that the TMD
mass and damping increase with the a higher level of uncertainty.
A comparison between the TMD tuned at the nominal values of the modal parameters and the
conventional TMD has revealed that the TMD mass can be further reduced without violating the
design constraints resulting in a more cost-effective design when it is assumed that the TMD mass
determines the cost. For the TMD tuned at the largest level of uncertainties, a strongly increased
mass and damping were found in comparison with the conventional design. By accounting for
uncertainties in the vibration serviceability assessment for different traffic classes, it is guaranteed
that the TMD performs satisfactorily in uncertain circumstances. The proposed method was illus-
trated using the HiVoSS guideline but it is generic and can be easily adapted for other vibration
serviceability assessment methods.
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